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ABSTRACT
Humans and humanoid robots are often modeled with dif-

ferent types of inverted pendulum models in order to simplify the
dynamic analysis of gait, balance and fall. We have earlier intro-
duced the Reaction Mass Pendulum (RMP), an extension of the
traditional inverted pendulum models, which explicitly captures
the variable rotational inertia and angular momentum of the hu-
man or humanoid. In this paper we present a thorough analysis
of the RMP, which is treated as a 3D multibody system in its own
right. We derive the complete kinematics and dynamics equa-
tions of the RMP system and obtain its equilibrium conditions.
Next we present a nonlinear control scheme that stabilizes this
underactuated system about an unstable set with a vertically up-
right configuration for the “leg” of the RMP. Finally we demon-
strate the effectiveness of this controller in simulation.

1 Background and Motivation

Human and humanoid gait is often modeled with various
versions of the inverted pendulum model, such as the 2D and
3D linear inverted pendulums (LIP) [1, 2], the cart-table model
[3], the variable impedance LIP [4], the spring-loaded inverted
pendulum [5], and the angular momentum pendulum model
(AMPM) [6, 7]. These reduced models have been very benefi-
cial for the analysis and prediction of gait and balance [8]. The
inverted pendulum models allow us to ignore the movements of
the multitude of individual limbs and instead focus on two points
of fundamental importance – the center of mass (CoM) and the
center of pressure (CoP) – and the “lean line” joining them.

A limitation of the above models (except [6, 7]) is that they
represent the entire humanoid body only as a point mass and do
not characterize the significant rotational inertia. Consequences
of neglecting the rotational inertia is that the angular momentum
of the system about its CoM, kG, must be zero and the ground
reaction force (GRF), f must be directed along the lean line. Hu-
manoid robots, however, have no reason to obey these artificial

conditions, and in general, they do not. We have recently re-
ported that during human gait, even at normal speed, f diverges
from the lean line and this may be important for maintaining
balance. Fig. 1 schematically depicts this important difference
between the traditional inverted pendulum models and a planar
model that contains non-zero rotational inertia.
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Figure 1. This figure illustrates the main difference between the tradi-
tional point-mass inverted pendulum model (left) and models containing
non-zero rotational inertia (right). The point mass in the traditional pendu-
lum model forces the ground reaction force, f , to pass through the center
of mass. A reaction mass type pendulum, by virtue of its non-zero ro-
tational inertia, allows the ground reaction force to deviate from the lean
line. This has important implication in gait and balance.

The model with inertia captures the external centroidal mo-
ment (ECM), τe, created by the GRF about the CoM and is given
by τe = GP× f . Systems dynamics dictates that in the absence
of external forces τe = k̇G. The rotational inertia and the as-
sociated angular momentum are important components of hu-
manoid movement and especially of balance, as have been re-



ported in [9]. Direct manipulation of angular and linear momen-
tum has been suggested as a reasonable, and sometimes prefer-
able, way to control a robot [10–12].

The Reaction Mass Pendulum (RMP) model [13] extends
the existing inverted pendulum models by replacing the point
mass at the top of the pendulum with an extended rigid body
inertia. The linear mass of the system remains unchanged but the
model now has a non-zero variable rotational inertia in the form
of the 3D reaction mass which characterizes the instantaneous
aggregate rotational inertia of the system projected at its CoM.

A humanoid controller based on a reduced model essentially
attempts to impart to the humanoid the same dynamics as that of
the reduced model. The differences between the robot dynam-
ics, which is substantially more complex, and the dynamics of
the reduced model is treated as an error and compensated by the
controller. If the robot behavior is reasonably captured by the
reduced model, the discrepancy between their dynamics is not
dramatic, and the compensation is generally successful.

2 The RMP Model of a Humanoid

In this section we present a full description of the RMP
model and explain how the model can be derived from a given
humanoid. The RMP consists of two main parts: an actuated
telescopic leg and an actuated body with a variable inertia. The
leg makes a unilateral point contact with the ground and the fric-
tion is assumed sufficient to prevent its sliding. The body mass
is attached at the CoM of the leg via a spherical “hip” joint, also
considered fully actuated. The location of the hip joint coin-
cides with the CoM of the body as well. The variable inertia of
the body captures the centroidal composite rigid body (CCRB)
inertia of the robot, which is the instantaneous generalized iner-
tia of the entire robot projected at its CoM. The CCRB inertia
is also called locked inertia in the field of geometric mechan-
ics [14]. Additionally, the rotational motion of the body is such
that the centroidal angular momentum of the RMP is instanta-
neously equal to that of the robot.

As a humanoid walks and moves through different limb
configurations, its centroidal moment of inertia continuously
changes. One way to capture this change is to imagine an ellip-
soid corresponding to the positive definite inertia matrix of the
robot. The changing shape, size and orientation of the ellipsoidal
reaction mass will fully reflect the instantaneous inertia of the
robot. This is depicted in Fig. 2. In the plane, the inertia ellip-
soid becomes an inertia wheel [15] with continuously changing
radius.

Walk of a humanoid robot in terms of RMP

Humanoid walk direction

Figure 2. As the humanoid moves, its aggregate centroidal inertia con-
tinuously changes. At any instant, the aggregate inertia is reflected by the
shape, size and orientation of the 3D reaction mass ellipsoid.

A mechanical model of a continuously changing inertia ma-
trix is through the use of three pairs of point masses that are
linearly actuated along three orthogonal directions. These di-
rections coincide with the principal axes of the CCRB inertia
ellipsoid. Along each axis, the pair of point masses move in
synchrony such that they are always equidistant from the center;
this makes the aggregate center of these masses fixed. The six
point masses have equal mass, each having one-sixth of the total
mass of the upper body of the humanoid. At a given instant the
distances between the masses on each axis depend on the rota-
tional inertia of the robot about that axis. This representation of
the RMP is shown in Fig. 3 and is used as the basis for a novel
multibody system as described in this paper in detail.
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Figure 3. Conceptual mechanical realization of the 3D RMP. The RMP
consists of a telescopic leg connecting the CoP and CoM, and a rotating
body. In 3D, the rotating ellipsoidal body is mechanically equivalent to six
equal masses on three mutually perpendicular rotating tracks. The CoM
of the RMP is fixed at the common mid point of the tracks. This is the
point about which the tracks themselves can rotate.

Note that we impose no direct condition on the kinetic en-
ergy of the RMP. As a consequence, the KE of the RMP and
the humanoid, and therefore the scalar Lagrangian for the two
systems, are not equal in general.

3 Dynamics of the Reaction Mass Pendulum

In this section, we give the mathematical model of the dy-
namics of the reaction mass pendulum.

3.1 Physical Configuration

The RMP model described in the earlier section is a multi-
body system consisting of a variable-length leg and three pairs of
proof mass actuators (PMAs) moving pairwise along three mu-
tually orthogonal tracks. We refer to this assembly of tracks with
proof mass actuators as the “PMA assembly” hereon in this pa-
per. For simplicity in analysis, we consider the CoM of the leg of
the RMP to always coincide with the CoM of the reaction mass
ellipsoid. Therefore this also locates the CoM of the RMP sys-
tem, which simplifies the dynamic analysis of the motion of the
RMP. Motion of the RMP in 3D Euclidean space consists of: (1)
translational motion of the CoM at the tip of the variable-length



leg; (2) rotational motion of the leg given by rotation and angu-
lar velocity of the leg about the CoM of the system; (3) rotational
motion of the assembly of the PMAs about the CoM of the sys-
tem; and (4) internal (shape) motion of the three pairs of PMAs
along the three mutually orthogonal tracks.

3.2 Equations of Motion
Here we derive and provide the equations of motion of the

RMP model, and obtain its equilibria.

3.2.1 Kinematics and Configuration Space We
consider a body-fixed coordinate frame P for the RMP with its
origin at the CoM and its axes aligned with the tracks of the
PMAs, as shown in Fig. 4. We first define the configuration vari-
ables of the RMP as follows:

ρ, length of the leg of the RMP, which is also the distance
between the CoM and the CoP,
RL , rotation matrix from leg-fixed CoM frame to inertial
frame fixed at CoP,
RPL , rotation matrix from PMA assembly-fixed CoM
frame to leg-fixed CoM frame,
s , [s1 s2 s3]

T = vector of locations of the three pairs
of proof mass actuators in the PMA assembly-fixed CoM
frame.
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Figure 4. Three coordinate frames are used to describe the RMP kine-
matics: the CoP-fixed inertial frame I, the leg-fixed frame L located at the
CoM and aligned with the leg axis, and the PMA assembly-fixed frame
P located at the CoM. ρ is the length of the RMP leg, RL is the ro-
tation matrix from L to I, RPL is the rotation matrix from P to L, and
s = [s1 s2 s3]

T is the vector of locations of the three pairs of proof mass
actuators in P.

Let the vector s be in a compact subspace S of R3 and the
length ρ of the RMP leg be in a bounded interval [0,r] of R. The
configuration space of the RMP is therefore C = [0,r]×SO(3)×
SO(3)× S , which is ten dimensional, corresponding to the ten
degrees of freedom (DOFs) of this RMP model. These DOFs
are: one DOF corresponding to the scalar leg length ρ, three
DOFs for the attitude of the leg RL, three DOFs for the attitude
of the PMA assembly RPL, and three DOFs for the vector s of
PMA locations. The inertial coordinate frame is defined such
that its third axis is along the direction of the uniform gravity

force. Let ei denote the ith column vector of the 3× 3 identity
matrix. Therefore ge3 is the inertial acceleration vector due to
uniform gravity, where g is the magnitude of this acceleration.

If the RMP leg-fixed coordinate frame has its third coordi-
nate axis along the leg’s longitudinal axis, the position of the
CoM in the CoP-fixed inertial frame is b = ρRLe3. Let the trans-
lational velocity of the CoM be represented by ν in the leg-fixed
CoM frame and let ΩL be the angular velocity about the CoM in
the leg-fixed CoM frame. Let ΩPL denote the angular velocity of
the PMA assembly with respect to the RMP leg. The kinematics
for rotational motion of the leg about the CoM, rotational mo-
tion of the PMA assembly with respect to the RMP leg, and the
translational motion of the CoM with respect to the CoP, are:

ṘL = RL Ω
×
L (1)

ṘPL = RPL Ω
×
PL (2)

ν = RT
L ḃ = ρ̇e3 +ρΩL× e3 (3)

where Ω× is the cross-product matrix defined by Ω×ν = Ω×ν.
Therefore, the attitude of the PMA assembly with respect to

the CoP-fixed inertial frame is RP = RLRPL. The corresponding
angular velocity of the PMA assembly with respect to the inertial
frame is obtained from time derivative of RP as

ṘP = RPΩ
×
P where ΩP = ΩPL +RT

PLΩL. (4)

The position vectors of the ith pair of PMAs in the CoP-fixed in-
ertial coordinate frame are b±RPsiei, for i = 1, 2, 3. The veloc-
ities of the proof masses in the ith proof mass pair are therefore:

vi+ = ḃ+RP(ṡiei +ΩP× ei), vi− = ḃ−RP(ṡiei +ΩP× ei),

where ḃ = RLν is as given by equation (3).

3.2.2 Dynamics of RMP The dynamics of the three-
dimensional RMP consists of the translational and rotational dy-
namics about its CoM and the dynamics of its internal states.
ΓL = RT

L e3 denotes the direction of gravity expressed in the leg-
fixed coordinate frame, since e3 = [0 0 1]T denotes the direction
of gravity in the inertial frame. Let mp denote the mass of each
PMA (the six PMAs have equal masses) and let JP0 denote the
inertia tensor of the PMA frame minus the proof mass actuators
about the CoM. Let mL denote the mass and JL0 denote the iner-
tia tensor about the CoM of the leg of the RMP, so that the total
mass of the RMP is m = 6mp +mL. The total kinetic energy of
the PMA assembly is therefore given by

TP =
3

∑
i=1

mp

(
ν

T
ν+ ṡ2

i

)
+

1
2

Ω
T
P
(
JP0 +KP

)
ΩP, (5)

where

KP =−2
3

∑
i=1

mps2
i (e
×
i )

2 and ν
T

ν = ρ̇
2−ρ

2
Ω

T
L (e
×
3 )

2
ΩL.



The kinetic energy of the RMP leg is given by

TL =
1
2

mLρ̇
2 +Ω

T
L
(
JL0 −mLρ

2(e×3 )
2)

ΩL. (6)

The total potential energy of the RMP system is given by

V =−mgρeT
3 RT

L e3 =−mgρeT
3 ΓL. (7)

Therefore the Lagrangian of the RMP is given by

L =TP +TL−V

=
1
2

mρ̇
2 +

1
2

Ω
T
L JLΩL +

1
2

Ω
T
P JPΩP +mpṡTṡ+mgρeT

3 ΓL (8)

where KL = −mρ2
(
e×3
)2, JL = JL0 +KL and JP = JP0 +KP. KP

and KL are shape-dependent inertia terms. KP accounts for the
portion of the inertia of the PMA assembly that varies with s.
KL, on the other hand, varies with the leg length of the RMP.

In (8), ΩP is dependent on ΩL, RPL and ΩPL as given by (4).
The following result gives the dynamics equations of motion for
the RMP system.

Proposition 1. Let fL be the force applied by the prismatic ac-
tuator along the leg of the reaction mass pendulum in the inertial
frame, τP denote the control torque applied to the proof mass as-
sembly resolved in its coordinate frame, and us be the vector of
control forces applied to the proof mass actuators in the PMA-
fixed coordinate frame. The dynamics of the reaction mass pen-
dulum model are then given by the following equations

mρ̈ =−mρΩ
T
L
(
e×3
)2

ΩL +mgeT
3 ΓL + fL, (9)

JLΩ̇L =JLΩL×ΩL +2mρρ̇
(
e×3
)2

ΩL +mgρe3×ΓL

−RPLτP, (10)

JPΩ̇P =JPΩP×ΩP−NΩP + τP, (11)
2mps̈ =L+us, (12)

where N =
d
dt

KP

= 4mp diag{s2ṡ2 + s3ṡ3,s1ṡ1 + s3ṡ3,s1ṡ1 + s2ṡ2},

and L =
∂

∂s
(

1
2

Ω
T
P KP ΩP) = 2mp

s1(Ω
2
P2
+Ω2

P3
)

s2(Ω
2
P3
+Ω2

P1
)

s3(Ω
2
P1
+Ω2

P2
)

 .
The dynamics equations (9)-(12) are obtained by generalizing
and applying the Lagrange-d’Alembert principle [16] to the non-
linear configuration space C . Variations of the state variables (RL
and RPL) in SO(3) are in the form of reduced variations [17,18],
as follows:

δRL = RLΣ
×
L , δRPL = RPLΣ

×
PL, (13)

where ΣL,ΣPL ∈ R3 give variations along the manifold SO(3).
In addition, reduced variations of the angular velocities ΩL and
ΩPL are given by [17, 18]:

δΩL =Σ̇L +ΩL×ΣL, δΩPL = Σ̇PL +ΩPL×ΣPL, (14)

where Σ̇L and Σ̇PL denote the time derivatives of ΣL and ΣPL re-
spectively. The Lagrange-d’Alembert principle applied to the
RMP system then takes the form

∫ t f

t0

(
δL + 〈RPLτ

×
P ,δRPL〉+ fLδρ+uT

s δs
)

dt = 0, (15)

where δL denotes the first variation of the Lagrangian L with
respect to all the state variables it depends on, and we define the
inner product of two 3× 3 matrices by 〈A,B〉 = 1

2 trace(ATB).
Equation (15) holds for any time interval [t0, t f ] over which the
dynamics evolves. The equations of motion are then obtained
from (15) by integration by parts and then evaluating the result-
ing equation for arbitrary fixed end-point variations δρ, ΣL, ΣPL
and δs. To save space on the presentation in this paper, we leave
the complete derivation of equations (9)-(12) to the reader.

Note that these dynamics equations have the general form
of the dynamics of an underactuated multibody system in uni-
form gravity, as given in [19]. Also note that equations (9)-(12)
depend only on Γ = RT

L e3 and not on the full attitude RL of the
leg. In other words, the equations of motion do not change if the
inertial coordinate frame is rotated by an arbitrary angle about its
z-axis, which represents the direction of uniform gravity. This is
expected for a rigid body or multibody system in uniform grav-
ity. We also note that the shape and attitude dynamics of the
PMA assembly, given by equations (11)-(12) are directly cou-
pled, and the attitude and shape (leg length) dynamic of the leg
of the RMP, given by equations (9)-(10) are directly coupled.
However, the only coupling between the dynamics of the RMP
leg and that of the PMA assembly is through the torque τP ap-
plied at the spherical joint connecting them. This is because the
shape change of the PMA assembly is always “symmetric” about
the center of mass, and therefore the CoM location is not varied
by the symmetric movements of the three pairs of PMAs. This
has important consequences in the design of control schemes for
this system, as we show later.

3.2.3 Equilibria of the RMP Dynamics The condi-
tions for equilibria of the RMP dynamics are obtained from the
dynamics equations (9)-(12) and kinematics equations (1)-(3) by
setting ρ̇≡ 0, ΩL = ΩPL ≡ 0, and ṡ≡ 0. This gives us:

mgeT
3 ΓL + fL = 0, mgρe3×ΓL−RPLτP = 0, τP = 0,

and us = 0. (16)

These conditions need to be simultaneously satisfied at an equi-
librium of the RMP, which leads to ΓL = ±e3 and fL = ∓mg,
while the configuration variables (ρ,RL,RPL,s) are constant at



the equilibria. Therefore, instead of disconnected (isolated) equi-
librium points, we have two equilibrium manifolds for the RMP
for which ΓL =±e3 is along or opposite to the gravity direction,
given by e3 in the inertial frame. These equilibrium manifolds
are given by:

E1 =
{
(ρ,RL,RPL,s, ρ̇,ΩL,ΩPL, ṡ) ∈ TC :

fL =−mg,ΓL = e3, ρ̇ = 0,ΩL = ΩPL = 0, ṡ = 0
}
, (17)

E2 =
{
(ρ,RL,RPL,s, ρ̇,ΩL,ΩPL, ṡ) ∈ TC :

fL = mg,ΓL =−e3, ρ̇ = 0,ΩL = ΩPL = 0, ṡ = 0
}
. (18)

Since e3 denotes the direction of gravity in the inertial frame,
we call E1 the “hanging equilibrium manifold” and E2 the “in-
verted equilibrium manifold”. This terminology has been used
in prior literature on rigid body and multibody pendulum mod-
els [20–23]. For modeling humanoid walking motion, the in-
verted equilibrium manifold of the RMP and its stabilization is
of primary importance. We next look at a simplification of the
reaction mass pendulum model with fixed proof masses.

3.3 RMP with Fixed Proof Masses
When the proof mass positions are fixed in the PMA body,

the vector s is constant. This reduces the full dynamical model
of the RMP, which has ten degrees of freedom (DOFs) as pro-
vided by equations (1)-(3) and (9)-(12), to one that has only
seven degrees of freedom. The kinematic relations (1)-(3) still
hold for this reduced model, since the DOFs associated with
these relations (ρ, ΩL and ΩPL) are present in this reduced
model. The configuration space of this reduced RMP system
is P = [0,r]× SO(3)× SO(3) ⊂ C . Like the complete RMP
model, this reduced model with fixed proof masses is also un-
deractuated, with four actuated DOFs: one for the length of the
RMP leg varied by the prismatic actuator, and the three rotational
DOFs of the PMA assembly actuated by the torque applied at the
spherical joint. The dynamics equations of motion are obtained
by restricting s to be constant in the full dynamics model given
by Proposition 1. This is stated below as Corollary 1.

Corollary 1. The reduced reaction mass pendulum model de-
picted in Figure 3, with fixed proof mass positions in the proof
mass assembly, has the following dynamics equations:

m ρ̈ =−mρΩ
T
L
(
e×3
)2

ΩL +mgeT
3 ΓL + fL, (19)

JL Ω̇L = JLΩL×ΩL +2mρρ̇
(
e×3
)2

ΩL +mgρe3 ×ΓL

−RPL τP, (20)

JPΩ̇P = JPΩP×ΩP + τP, (21)

where JP =JP0 −2mp

3

∑
i=1

s2
i (e
×
i )

2. (22)

Here s = [s1 s2 s3]
T is the constant vector of positions of the

proof masses in the coordinate frame fixed to the proof mass as-
sembly.

4 Control of RMP
In this section, we present a control scheme for the under-

actuated reduced RMP model with fixed proof mass actuators
presented in Section 3.3, to asymptotically stabilize a inverted
leg attitude and length of the leg.

Theorem 1. Consider the RMP system with fixed proof masses
as given by equations (1)-(3) and equations (19)-(21). Let
Φ : R+ → R+ be a C 2 function that satisfies Φ(0) = 0 and
Φ′(x) > 0 for all x ∈ R+. Furthermore, let Φ′(·) ≤ α(·) where
α(·) is a Class-K function [24]. Let γ > 0 and k > 0 be posi-
tive scalar control gains, L be a 3×3 positive definite gain ma-
trix and let A = diag{a1,a2,a3} where a3 > a2 > a1 > 0. Let
E2 = diag{−1,1,−1} be the desired final attitude of the leg of
the RMP. Then the control laws

fL =−mgeT
3 ΓL− γρ̇− k(ρ−ρe), (23)

RPLτP = mgρe3×ΓL +LΩL +Φ
′(trace(A−AQL)

)
S(QL),

(24)

where QL = ET
2 Q and S(QL) =

3

∑
i=1

aiQT
L ei× ei,

asymptotically stabilize the set of motions defined by

SL =
{(

ρ,RL,RPL, ρ̇,ΩL,ΩPL
)

: ρ = ρe,RL = E2, ρ̇ = 0,

ΩL = 0} . (25)

Moreover, the domain of stability of this set is almost global in
the state space P ×R7.

Proof: The proof of this result is obtained using generalizations
of Lyapunov’s direct method and LaSalle’s invariance princi-
ple. The configuration space P is a product set that has the
compact, non-contractible manifold SO(3) as a factor. More-
over, the desired set we want to stabilize, SL, requires stabiliza-
tion of the RMP leg attitude RL ∈ SO(3) to a desired attitude
given by RL = E2. Since any particular configuration on SO(3),
which is the configuration space for rigid body attitude, cannot
be globally asymptotically stabilized using continuous feedback
(see [25–28]), we obtain almost global stabilization of the de-
sired set SL. Moreover, for continuous stabilization of the leg
attitude, we need a Morse function that generalizes the concept
of a Lyapunov function to a nonlinear space [29]. The candidate
Morse-Lyapunov function V : P ×R7 → R+ for stabilizing the
motion of the leg is defined by

V (ρ,RL, ρ̇,ΩL) =
1
2

mρ̇
2 +

1
2

Ω
T
L JLΩL +

1
2

k(ρ−ρe)
2

+Φ
(
trace(A−AQL)

)
. (26)

The time derivative of this Lyapunov function is given by

V̇ =mρ̇ρ̈+Ω
T
L JLΩ̇L−mρρ̇Ω

T
L
(
e×3
)2

ΩL

+ k(ρ−ρe)ρ̇+Φ
′(trace(A−AQL)

)
Ω

T
L S(QL),



where the last term is the time derivative of Φ
(
trace(A−AQL)

)
and Φ′(x) denotes the derivative of Φ(x) with respect to x. Sub-
stituting the dynamics equations (19)-(20) into the above expres-
sion for V̇ , we get

V̇ =ρ̇
[
mgeT

3 ΓL + fL + k(ρ−ρe)
]
+Ω

T
L
[
mgρe3×ΓL

+Φ
′(trace(A−AQL)

)
S(QL)−RPLτP

]
Further substitution of the control laws (23)-(24) into this last
expression for V̇ gives us

V̇ =−γ ρ̇
2−Ω

T
L LΩL, (27)

hence the time derivative of this Morse-Lyapunov function is
negative semidefinite for the closed-loop system given by equa-
tions (1)-(3) and (19)-(21), and the control laws (23)-(24). There-
fore the feedback system is Lyapunov stable at the set SL.

To show asymptotic stability, we first consider the set of mo-
tions for which V̇ ≡ 0; which is equivalent to both ρ̇ ≡ 0 and
ΩL ≡ 0. When we substitute these in the dynamics equations
(19)-(20) for the RMP leg, we get

mgeT
3 ΓL + fL = 0 and mgρe3×ΓL−RPLτP = 0, (28)

where fL and τP are obtained from the control laws (23)-(24).
Substituting ρ̇ ≡ 0 and ΩL ≡ 0 into these feedback control laws
and the expressions in (28), we get

−k(ρ−ρe) = 0 and −Φ
′(trace(A−AQL)

)
S(QL) = 0, (29)

which characterizes the largest invariant set I ⊂ V̇−1(0) ⊂ P ×
R7. As shown in [26], the set of critical points of Φ

(
trace(A−

AQL)
)

: SO(3)→ R+ is

QL ∈ Ec ,{I, diag{−1,1,−1}, diag{1,−1,−1},
diag{−1,−1,1}} ⊂ SO(3). (30)

Therefore, the set I is defined by

I =
{(

ρ,RL,RPL, ρ̇,ΩL,ΩPL
)

: ρ = ρe,QL = ET
2 RL ∈ Ec, ρ̇ = 0,

ΩL = 0} . (31)

Hence, according to LaSalle’s invariance principle [24], all solu-
tions of the feedback system given by (1)-(3), (19)-(21), and the
control laws (23)-(24) converge to the set I ⊂ P ×R7. Within
the set of critical points Ec of Φ

(
trace(A−AQL)

)
, it has been

shown [26–28] that QL = I is the minimum, while the other
points (QL ∈ Ec \ I) are non-degenerate critical points. There-
fore, as V̇ ≤ 0 along the trajectories of the feedback system, the

only stable subset of the invariant set is SL ⊂ I. The other subsets
(corresponding to QL ∈ Ec \ I) are unstable, although they may
have stable subsets. Hence, except for those trajectories that start
on the stable subsets of I\SL, all other trajectories in P×R7 con-
verge asymptotically to the set SL. Since the largest invariant set
I of the feedback system is itself of zero measure in the state
space P ×R7, this means that the set SL is asymptotically stable
and its domain of attraction is almost global. �

Note that the control scheme given by Theorem 1 only sta-
bilizes an upright attitude and fixed length of the RMP leg; it
does not stabilize the motion of the PMA assembly to an equilib-
rium position and attitude. However, stabilizing the inverted leg
attitude with desired leg length is a first step in obtaining more
general control schemes that could stabilize an inverted equilib-
rium configuration of the RMP.

5 Simulation and Discussion
In this section, we present a numerical simulation for the

feedback RMP system given by equations (1)-(3), (19)-(21), and
the control laws (23)-(24). The initial conditions for the config-
uration variables in the system are given by:

RL(0) =

[
0.8753 0.2918 0.3857
−0.4136 0.8650 0.2842
−0.2507 −0.4082 0.8778

]
, ρ(0) = 0.8322 m,

RPL(0) =

[
0.6882 −0.6572 −0.3073
0.3456 0.6694 −0.6576
0.6379 0.3464 0.6878

]
.

The initial leg attitude RL(0) makes an angle of 151.37◦ to the
direction of uniform gravity (inertial z-axis), while the initial at-
titude of the PMA assembly is obtained by a rotation of an angle
of 22.5◦ = π

8 radians about the axis [1 − 1 1]T/
√

3 in the leg-
fixed coordinate axis. The initial velocities are set to zero, i.e.,
ΩL = [0 0 0]T rad/s, ρ̇ = 0 m/s, and ΩPL = [0 0 0]T m/s. The
mass and inertia properties for this simulation are:

mL = 1.26 kg, JL0 = diag{0.98,0.91,0.63} kg-m2,

mP = 0.33 kg, JP0 = diag{0.21,0.21,0.21} kg-m2.

The vector of constant positions for the three pairs of proof
masses is given by

s = [0.21 0.21 0.21]T m.

The desired set of motions to be stabilized is given by SL
in equation (25) with ρe = 0.7 m. We numerically simulate
the dynamics of the feedback system over a period of 70 sec-
onds. Figure 5 gives the time plot of ∆ρ = ρ−ρe for the feed-
back system. Figure 6 gives the time plot of the angle Φ be-
tween the ΓL vector and the direction of uniform gravity, i.e.,
cosΦ = eT

3 ΓL = eT
3 RT

L e3. In [20–23, 25], ΓL is referred to as
the reduced attitude vector of the rigid or multibody pendulum
system. Both the configuration variables ρ and ΓL are seen to
converge to the desired final values during the time period of this
simulation. Figure 7 gives the time evolution of the velocity vari-



Figure 5. Time plot of ρ− ρe for the reduced RMP system with the
feedback control scheme of Theorem 1. Here ρe = 0.7 m and the initial
vlue of ρ is 0.8322 m.

Figure 6. Time plot of the angle Φ between the reduced attitude ΓL of
the RMP leg and the direction of uniform gravity, for the reduced RMP sys-
tem with the feedback control scheme of Theorem 1. Here Φ = 151.37◦
at the start of the simulation and the final desired value of Φ is 0◦.

Figure 7. Time plot of the velocity ρ̇ of extension or retraction of the
RMP leg, for the reduced RMP system with the feedback control scheme
of Theorem 1. Both the initial and the final desired value of ρ̇ is 0 m/s.

able ρ̇, which is the speed of extension or retraction of the leg of
the RMP by the prismatic actuator. Figure 8 gives the time plots
of the components of the angular velocity vector ΩL of the RMP
leg over the simulation period. It is to be noted that these veloc-
ity states are seen asymptotically converge to zero over the time
period of simulation (70 s). Finally, we give the time plot of the
angular velocity ΩP of the PMA assembly during this simulation
period, in Figure 9. Note that the PMA assembly is in torque-free
rigid body rotational motion when the leg dynamics is restricted
to the stable set SL.

Figure 8. Time plots of the components of the angular velocity ΩL of the
RMP leg, for the reduced RMP system with the feedback control scheme
of Theorem 1. Both the initial and the final desired values of these com-
ponents are 0 rad/s.

Figure 9. Time plots of the components of the angular velocity ΩP of
the RMP PMA assembly, for the reduced RMP system with the feedback
control scheme of Theorem 1.

6 Conclusions and Future Work

We have introduced the reaction mass pendulum (RMP) as
a multibody, reduced order model of a humanoid robot. It is an
instantaneous capture of the 3D aggregate kinematics and iner-
tia of a humanoid robot, consisting of a variable length leg and
a proof mass assembly with three pairs of proof masses. The
reaction mass pendulum model is an enhancement of existing
inverted pendulum humanoid models that contain only a point
mass, and is also a mechanical realization of variable rotational
inertia that characterizes the humanoid and accounts for the pres-
ence of centroidal angular momentum. In this work, we derived
the dynamics equations of motion using a global representation
of the state of this multibody RMP model. We also obtained
a control scheme that asymptotically stabilizes an inverted “up-
right” configuration of the leg of the RMP. The domain of attrac-
tion of this control scheme is shown to be almost global in the
state space. In the future, we plan to extend this work to stabi-
lization of an inverted equilibrium configuration for both the leg
and the proof mass assembly of the RMP.
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