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Abstract—In order to simplify dynamic analysis, humanoid
robots are often abstracted with various versions of the inverted
pendulum model. However, most of these models do not explicitly
characterize the robot’s rotational inertia, a critical component
of its dynamics, and especially of its balance. To remedy this, we
have earlier introduced the Reaction Mass Pendulum (RMP), an
extension of the inverted pendulum, which models the rotational
inertia and angular momentum of a robot through its centroidal
composite rigid body (CCRB) inertia. However, we presented only
the kinematic mapping between a robot and its corresponding
RMP.
Focussing in-depth on planar mechanisms, here we derive
the dynamic equations of the RMP and explicitly compute the
parameters that it must possess in order to establish equivalence
with planar compass gait robot. In particular, we show that, a)
an angular momentum equality between the robot and RMP does
not necessarily guarantee kinetic energy equality, and b) a cyclic
robot gait may not result in a cyclic RMP movement.
The work raises the broader question of how quantitatively
similar the simpler models of humanoid robot must be in order
for them to be of practical use.
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Fig. 1. Conceptual mechanical realization of the 3D and planar RMP. The
RMP consists of a massless leg connecting the CoP and CoM, and a rotating
body. In 3D, the rotating ellipsoidal body is mechanically equivalent to six
equal masses on three mutually perpendicular rotating tracks. The body of a
planar RMP reduces to a wheel and is equivalent to a pair of equal masses
on a linear track. The CoM of the RMP is fixed at the common mid point of
the track(s). This is the point about which the tracks themselves can rotate.

I. BACKGROUND AND MOTIVATION
Humanoid gait is often modeled with various versions
of the inverted pendulum, such as the 2D and 3D linear
inverted pendulums (LIP)[14], [13], the cart-table model[12],
the variable impedance LIP[26], the spring-loaded inverted
pendulum[2], and the angular momentum pendulum model
(AMPM)[15], [16]. These reduced biped models have been
very beneficial in the analysis and control of human and
humanoid gait. The inverted pendulum models allow us to
ignore the movements of the individual limbs of the humanoid
and instead focus on two points of fundamental importance the center of pressure (CoP) and the center of mass (CoM) and the line joining them.
A limitation of the above models is that they represent
the entire humanoid body only as a point mass and do
not characterize the significant rotational inertia (except [15],
[16]). The rotational inertia and the associated angular momentum are important components of humanoid movement
and especially of balance, as have been reported [1], [9]).
Direct manipulation of angular and linear momentum has been
suggested as a reasonable, and sometimes preferable, way to
control a robot [10], [11], [27].
Reaction Mass Pendulum: In order to explicitly model the
rotational inertia and angular momentum of a humanoid we
have earlier proposed the Reaction Mass Pendulum (RMP)
model[18]. An RMP is essentially an inverted pendulum with

its point mass replaced by an actuated extended-body mass that
can rotate about the robot CoM. Fig. 1 shows the mechanical
models of a 3D and a planar RMP. The RMP body mass
captures the centroidal composite rigid body (CCRB) inertia
of the robot, which is the instantaneous generalized inertia
of the entire robot projected at its CoM. Additionally, for
a particular rotational velocity of this extended mass, the
centroidal angular momentum of the RMP equals to that of
the robot.
The movement of a humanoid robot results in a corresponding movement of the RMP. The change in robot’s CCRB
inertia of
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in 3D robot
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Fig. 2. As the humanoid moves, so does its RMP. Depending on the particular
gait, the length of the RMP leg as well as the shape, size and orientation of
the 3D reaction mass ellipsoid changes.

Focus of this paper: In our previous work we only presented
the technique of kinematic mapping necessary to generate the
RMP model starting from a robot at a given configuration.
In this paper, we additionally derive the dynamic and energy
parameters of a planar RMP and compare them with a planar
robot. The decision to focus on planar robot models, and
in particular the compass gait model, is to take advantages
of analytical exploration. Many of the present findings are,
nevertheless, valid for 3D models.
The comparison between humanoid robots and their RMP
counterparts brings us to the broader topic of the extent of
validity of reduced models in the dynamic analysis and control
of humanoids. A humanoid controller based on a reduced
model assumes that the humanoid has the same dynamics as
that of the reduced model. The differences between the robot
dynamics, which is substantially more complex than that of
the reduced model, is treated as an error and compensated by
the controller. If the robot behavior is reasonably captured by
the reduced model, the discrepancy between their dynamics is
not dramatic, and the compensation is generally successful.
What makes a dynamic model an acceptable reduced model
of a more complex system? Are there criteria that the reduced
model must satisfy for it to be practically admissible? To our
knowledge, a comprehensive answer to this question has not
emerged and each case is treated individually. While we do
not seek to address this question in this paper, the process of
a thorough comparison of two dynamic systems puts us in the
right reference frame to pose such a question.
II. C OMPASS GAIT BIPED
The biped robot model used in this paper is the so-called
compass-gait model[8], see Fig. 3. The model has a double
pendulum geometry and consists of two kneeless legs each
having a point mass, and a third point mass is coincident with
the hip joint. Despite its simplicity, this robot may exhibit
autonomous “dynamic gait” [19] on a descending slope, even
when the joints are unpowered. Researchers continue to actively study this model and suggest control laws of increasing
complexity, depth and elegance[4], [3], [24].
The robot gait consists of successive stages of swing and
ground impact. The robot can be powered through one motor at
the hip and another at the ground contact point of the stance
leg (”stance ankle”). After briefly reviewing the kinematics
and dynamics of compass gait robot, which are known, we
will introduce the expressions for the aggregate moment of
inertia, the angular momentum and the momentum matrix of
this model, all defined at the CoM.
A. Kinematics
The two legs of the robot are identical. The robot has three
point masses, one at hip (mH ) and one on each leg (m). The
leg masses are located at distances a and b, respectively, from
the leg tip and the hip. The total mass of the robot is M =
2m+mh and the mass ratio is defined as µ = mmH . Therefore,
M = (2 + µ)m = µ0 m. The leg length is l = a + b and the
length ratio is defined as β = ab , resulting in l = (β + 1)b =
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Fig. 3. Compass gait biped robot model. See Section II for description. The
three masses are located at the vertices of an isosceles triangle (right, top).

β 0 b. We use the nominal values of µ = 2 and β = 1. Note that
the robot’s geometry is completely determined by its interleg
angle 2α, where 2α = (θ1 − θ2 ). In this paper we will make
frequent use of the parameters µ0 and β 0 .
B. Dynamics
The CoM coordinates (xGR , yGR ) of the robot are given by,
b
[ρ sin θ1 − sin θ2 ]
µ0
b
= 0 [ρ cos θ1 − cos θ2 ]
µ

xGR =

(1)

yG R

(2)

where ρ = (µ0 β 0 − 1) such that (mH l + ma + ml) = mbρ.
The governing equations of the robot consist of nonlinear
differential equations for the swing stage and algebraic equations for the instantaneous ground impact. The swing stage
equations can be derived using Lagrange’s method starting
from the potential and kinetic energies of the robot, P ER and
KER , respectively,
P ER = bmg (ρ cos θ1 − cos θ2 )
2

KER = 0.5m b [ζ

θ̇12

0

− 2β cos 2α θ̇1 θ̇2 +

(3)
θ̇22 ]

(4)

where, ζ = (µ0 β 02 − 2β − 1). The swing stage equations,
which are similar to those of a frictionless double pendulum,
can be written as[8]:
H(q) q̈ + C(q, q̇) q̇ + τ g (q) = τ ,

(5)

where q = [θ1 θ2 ]T , H(q) is the 2×2 inertia matrix, C(q, q̇)
is a 2 × 2 matrix with the centrifugal coefficients, and τ g (q)
is a 2 × 1 vector of gravitational torques at the joints. τ is a
2 × 1 vector of joint torques1 .

1 The form of Eq. 5 is valid for both the robot and the RMP. We will use
subscript R to denote the robot and P to denote the planar RMP. H R and
H P thus means H(q) for the robot and the RMP, respectively.

C. Centroidal composite rigid body (CCRB) inertia
Instead of using general equations for deriving the CCRB
inertia2 of the compass gait robot[18], [21], we exploit the
simplicity of the planar robot and adopt a more direct method.
At any given configuration, the spatial arrangement of the
three masses of the compass gait robot can be represented
on an isosceles triangle ABC, as seen in Fig. 3. The global
orientation of the triangle is given by θ1 , the support leg angle
of the robot.
The CCRB inertia of the three point masses is IGR =
m(BGR )2 + m(CGR )2 + mH (AGR )2 . We can show,


2 cos2 α
2
(6)
IGR = 2mb 1 −
µ0
2b
µ0

where we have used the fact, AGR = AD − GR D = cos α
q
2
and CGR = BGR = b 1 − 4(1+µ)
µ02 cos α.
For a planar robot the centroidal moment of inertia is a
scalar. There is no inherent way to visualize it, unlike in case of
3D robots, which has three perpendicular axes naturally given
by the eigenvectors of the centroidal inertia ellipsoid[18]. The
maximum value of IGR is 2mb2 which occurs when α = 90◦ .
D. Centroidal momentun and centroidal momentum matrix
The linear momentum lR of the robot is computed by
multiplying the CoM velocity with the aggregate mass,
lR = µ0 m(ẋGR î + ẏGR ĵ)

(7)

The centroidal angular momentum kGR – the robot’s angular momentum referenced to its CoM – is the sum of angular
momenta of its individual mass elements, after projecting each
to the robot’s CoM[18].


2 cos2 α
2
(θ̇1 + θ̇2 ),
(8)
kGR = mb 1 −
µ0
AGR (q), the centroidal momentum matrix (CMM) of
the robot maps its joint velocities to its centroidal angular
momentum[21] according to
hGR = AGR (q) q̇,

(9)

where hGR = [kGR lRx lRy ]T is the centroidal spatial
momentum vector. We can write,


2
2
α
α
b(1 − 2 cos
) b(1 − 2 cos
)
µ0
µ0
(10)
AGR = mb  ρ cos θ1
− cos θ2  .
−ρ sin θ1
sin θ2
The CMM matrix is recognized as an important matrix in
angular momentum control of humanoids[11], [7] and its
structure and properties are being studied[21].
Next we will study the dynamic equations and other physical quantities of importance of the planar RMP.

2 The composite rigid body (CRB) inertia was introduced in robotics to
obtain efficient computational algorithms for robot dynamics[28]. In physics
and geometric dynamics the concept is called the locked inertia.

III. P LANAR REACTION MASS PENDULUM (RMP) MODEL
The planar RMP is dynamically analogous to the reaction
wheel pendulum [5], [20], [25], except that the RMP has a
variable CCRB whereas the wheel’s inertia is constant3 . At
any given configuration of the RMM, its CCRB inertia can be
represented by the pair of point masses mp . The generalized
coordinates and generalized forces of the planar RMP are
q P = (θ, α, rl , rP ) and τ P = (τθ , fl , τα , fr ), respectively
(refer to Fig. 1). When rP = 0, the planar RMP reduces to
a traditional inverted pendulum. If, in addition, we constrain
the CoM to stay at a constant horizontal level, we obtain the
planar LIP.
A. Dynamic Equations
The motion equations of the planar RMP can be obtained
starting from its potential and kinetic energies, P EP and
KEP .4 These are given by
P EP = 2mP g hP = 2mP g lP sin θP
KEP = mP (l˙2 + ṙ2 + l2 θ̇2 + r2 α̇2 )
P

P

P P

P

P

(11)
(12)

We can derive the dynamic equations as follows:
 

 2
θ̈P
lP 0 0 0
τθP
  0 1 0 0  ¨lP 
1 
f
l
 

=
2mP ταP   0 0 rP2 0 α̈P 
fr
0 0 0 1
r̈P

  

lP l˙P
lP θ̇P
0
0
θ̇P
lP cos θP
−lP θ̇P
˙  

0
0
0 
  lP +g  sin θP 
+
 0

0
0
rP ṙP
rP α̇P  α̇P  
0
0
0
−rP α̇P
0
ṙP
(13)
B. Linear and angular momenta
The CoM location of the RMP is given by,
xGP = lP cos θP ,

yGP = lP sin θP

(14)

whereas its linear momentum is expressed as,
lP = 2mP [(l˙P cos θP − lP θ̇P sin θP )î
+ (l˙P sin θP + lP θ̇P cos θP )ĵ] (15)
The CCRB inertia of the RMP has the compact form,
IGP = 2 mP rP2

(16)

from which the centroidal angular momentum and its derivative5 can be computed as,
kGP = IGP α̇P = 2mP rP2 α̇P

(17)

k̇GP = 2mP rP (rP α̈P + 2ṙP α̇P ).

(18)

3 Reaction wheel pendulum consists of an actuated spinning wheel pinjointed to a rigid rod. A spinning reaction wheel or an inertia wheel has been
suggested as a means of stabilizing the lateral biped dynamics[17], [23].
4 Note that KE
P does not contain any coupled terms of the form θ̇P α̇P
and l̇P θ̇P . Neither does it depend on θP and αP , rendering them cyclic
variables([29], pp. 426).
5 Angular momentum rate change referred to at the CoP k̇ = OG ×M g
O
P
¨ P.
from which follows k̇O = k̇GP + OGP × M OG

Note that k̇GP is also expressed as, k̇GP = GP O × R, in
which the ground reaction force, R, is computed from,
¨ P − g).
R = M (OG

(19)

Similar to Eq. 10 the CMM of the planar RMP defining the
mapping relationship hGP = AGP (q P ) q̇ P is given by,


0
0
2rp2 0
AGP = mp  −lP sin θP cos θP
(20)
0 0 .
−lP cos θP sin θP
0 0
Fig. 4. Schematic diagram showing that planar robots of completely general
kinematics, both humanoid and fixed-based manipulators, can be represented
by the same planar RMP model.

IV. E STABLISHING EQUIVALENCE BETWEEN COMPASS
GAIT ROBOT AND PLANAR RMP
The similarities and differences between a compass gait
robot and a planar RMP are presented in Table. I. In a
sense, the robot and the RMP are two vastly different systems
given by their different sets of generalized coordinates and
forces. Yet, by construction, the total mass, CoM position,
centroidal moment of inertia and potential energy of the RMP
are identical to those of the robot.
TABLE I
C OMPARISON BETWEEN C OMPASS G AIT B IPED AND PLANAR RMP
Variables and quantities

Compass Gait Robot

Planar RMP

Generalized

q R = [θ1 , θ2 ]T

qP =
[θP , lP , αP , rP ]T

coordinates
Generalized forces

τ R = [u1 , u2 ]T

τP
[τθ , fl , τα , fr ]T

Geometry

a, b, (b = βa)

None fixed

=

a+b=l
Function of q R ,

x = lP cos θP ,

see Eqs. 1 and 2

y = lP sin θP

m, mH ,

mP =

(mH = µm)

(M = 2m + mH )

Centroidal moment

IGR =

2
IGP = 2mP rP
r

of inertia (CCRBI)

2
2mb2 [1− 2+µ
cos2 α]

so, rP =

Potential Energy

P ER = M gh,

P EP = 2mP g hP ,

CoM position

Mass

M
2

1) Generalized coordinates and forces: The robot has two
generalized variables (coordinates and forces) whereas the
RMP has four. This might appear surprising and counterproductive to the underlying theme of model reduction. However, note that the planar RMP model can represent not just
the compass gait robot considered here, but the entire range
of planar humanoid robots, as well as planar manipulators no
matter how complex, as schematically shown in Fig. 4.
2) Geometry: While the robot has fixed geometry, the
geometry of RMP is continuously changing. In fact, the two
length parameters, lP and rP of the RMP, are generalized
coordinates.
3) CoM location: The CoM of the robot and the RMP are
required to coincide, which specifies the values of lp and θp
as
q
bp
2
= 0 ρ2 + 1 − 2ρ cos 2αR
(21)
lp = x2GR + yG
R
µ




yGR
ρ cos θ1 − cos θ2
θp = arctan 2
= arctan 2
(22)
xGR
ρ sin θ1 − sin θ2
4) Mass and inertia: The total mass of the robot and the
RMP are to be equal, from which we compute mP as,
mP = µ0 /2

,

IG
P
2mP

(hP = h)
Kinetic Energy

KER : Eq. 4

KEP : Eq. 12

Linear momentum

lR : Eq. 7

lP : Eq. 15

Angular momentum

kGR : Eq. 8

kGP : Eq. 17

A. Computation of θP , lP and rP
In this section we determine the quantities θP , lP and rP ,
these quantities depend on the joint angles, and not velocities
of the compass gait robot.

(23)

5) Centroidal composite rigid body inertia: CCRB inertia
continuously changes for both the robot and the RMP. For the
RMP, the CCRB inertia depends only on rP . In fact, rP can
be computed using the requirement IGR = IGP as,
√
b 2p 0
µ − 2 cos2 α
(24)
rp = 0
µ
As an illustration, Fig. 5 shows the equivalence between a
compass gait robot and the planar RMP.
6) Potential and kinetic energies: Potential energy depends
only on the total mass and the CoM height. Since the CoM
location is identical for both the robot and the RMP, it
automatically follows that P ER = P EP . For kinetic energy,
unfortunately, there is no such guarantee. KER and KEP may
be unequal.
Out of the four generalized coordinates of the planar RMP,
we have so far determined only three. The fourth, αP , is

The mapping of generalized forces is more involved. One
must first determine the purpose of such a mapping. As an
example, we explore the case of torque mapping where the
objective is to maintain the equivalence of rate of change of
centroidal angular momentum between the RMP and the robot.
Taking time derivative of Eq. 9 we obtain, for both robot
and RMP,
Fig. 5. Kinematic equivalence between compass gait robot and planar RMP.
Compass gait robot is shown with light blue mass and grey links in the
background, its inter-leg angle increasing from 0◦ to 180◦ . Superimposed
on each robot configuration is the corresponding RMP. The leg of the RMP
extends from the robot’s CoP to CoM.

ḣG = AG q̈ + ȦG q̇

(27)

from which we extract q̈
q̈ = A+
G ( ḣG − ȦG q̇).

(28)

Plugging q̈ in the dynamic equations Eq. 5 we obtain,
indirectly obtained from angular momentum equality between
the robot and the RMP, as we see next.
B. Angular momentum equivalence and computation of αP
To compute the RMP body orientation αP , one has to first
compute α̇P through angular momentum equivalence between
robot and RMP, and then integrate it. For compass gait robot,
α̇P can be obtained from Eq.17, while setting kGP = kGR ,
−1
α̇P = IG
kGR =
P

1
kGR
2mP rP2

(25)

Next, the expressions for rp and kGR can be plugged in using
Eq. 24 and Eq. 8, respectively. From Eq. 25 we obtain,
θ̇1 + θ̇2
α̇P =
2

(26)

2
which can be integrated to obtain αP = θ1 +θ
2 . To begin
integration, we can arbitrarily set αP (0) = 0.
In analogy to the RMP, what does α̇P signify for the
compass gait robot? α̇P together with kGR is nothing but
the rotational counterpart of the linear momentum lR and
the CoM translational velocity. The same way as the CoM
velocity depicts an average translational velocity of a robot,
α̇P is seen as its fictitious centroidal angular velocity or the
whole-body angular velocity[22]. Furthermore, αP is seen as
the whole-body angular excursion[22] although it cannot be
a-priori linked to the geometry or dynamics of the robot.
An alternative description of average angular velocity, derived
from kinetic energy equivalence, is presented in [6].
The physical interpretation of the centroidal angular velocity
of a robot is therefore the following: At any instant, if the
robot is replaced by its equivalent CCRB inertia, the angular
velocity with which this inertia must rotate in order to possess
the prescribed angular momentum is the centroidal angular
velocity.

C. Torque mapping between planar RMP and planar biped
We have derived a mapping of generalized coordinates
between the compass gait robot and the planar RMP. A
complete mapping of state variables can be established by
obtaining the time derivatives (analytic, in the current case)
of the generalized coordinates.

ḣG = AG H −1 (τ − C q̇ − τ g ) + ȦG q̇

(29)

which is of the form
ḣG = Wτ + X

(30)

−1

where W = AG H
and X = (ȦG − WC)q̇ − Wτ g .
The position and velocity dependent terms are contained in
X . Eq. 30 is an affine relationship between joint torques and
the rate of change of centoridal spatial momentum. Setting
ḣGR = ḣGP , we readily obtain,
W Rτ R + X R = W P τ P + X P

(31)

which yields an expression for τ P → τ R mapping
τ R = W+
R [W P τ P + (X P − X R )]

(32)

Note that W R is a rectangular matrix and the issues regarding
its appropriate inverse need to be resolved.
For the planar RMP, Eq. 29 can be shown to result k̇GP =
τα . It is precisely because the centroidal angular momentum
rate change is explicitly captured by a single joint torque, that
we have chosen the RMP model.
V. S IMULATION AND DISCUSSION
To support our analytical findings we have used simulation
data of a compass gait biped6 . The data contain the kinematic
variables during a few stable walk cycles of a compass
gait biped robot on an inclined slope. Using the techniques
described in this paper we have mapped the biped robot
data to the equivalent planar RMP variables. Fig. 6, Fig. 7,
and Fig. 8 show the time evolution plots of the generalized
coordinates, generalized forces and the CCRB inertia of the
RMP, respectively. The generalized forces were computed
using Eq.13 through intermediate steps computation steps of
generalized accelerations.
Fig. 9 shows the plots of kinetic energies of the robot and the
RMP. Although there were no KE-specific restriction placed
on the RMP model variables, the kinetic energies of the models
tend to be in the neighborhood of each other.
Fig. 10 presents the plots of both αP and α̇P . The remarkable finding in this plot is that although α̇P is a cyclic quantity,
6 The data was given by Dr. Fumihiko Asano. The bipedal gait was generated in accordance with the method of virtual passive dynamic walking[4].
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10

τθ (Nm)

1.5

Time (sec)

0.74

0
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body does not repeat its trajectory at each gait cycle. In fact,
as the plot shows, the body rotation fluctuates but steadily
rotates backwards as time goes on. The significance of this
finding vis-a-vis the centroidal angular velocity of the robot
is not clear.
Finally, Fig. 11 shows the evolution of the centroidal angular
momentum of the robot superposed on its 3D CoM trajectory.
The positive to negative reversals of the angular momentum
is a curious factor that deserves further study.
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The generalized forces of the RMP from one gait cycle.
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CCRBI plot of both robot and planar RMP.
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Kinetic energy plot of robot (in red) and planar RMP (in blue).

We have explored the kinematic, dynamic and energy
equivalence between planar biped robots and planar reaction
mass pendulum (RMP) model. The RPM model is similar to
the existing inverted pendulum humanoid models, but has an
additional rotational mass to explicitly identify the centroidal
rigid body inertia of the robot and, by extension, its centroidal
angular momentum.
The RMP is an instantaneous capture of the aggregate
kinematics and dynamics of a humanoid robot. We have
derived the analytical dynamic equations of the planar RMP.
By imposing equivalence between the robot and the RMP, we
have expressed the mass and geometry parameters and the generalized coordinates of the RMP as functions of those of the

robot. Interestingly, one of the generalized coordinates can be
ascertained through integration, only after the corresponding
generalized velocity is determined. Through forward dynamics
we can also compute the joint torques necessary for the RMP
to mimic the corresponding motion of the planar robot.
We have shown that, a) an angular momentum equality
between the robot and RMP does not necessarily guarantee
kinetic energy equality, and b) a cyclic robot gait may not
result in a cyclic RMP movement. A non-cyclic gait has
ramifications for the humanoid gait planning and this issue
needs to be further explored.
Regardless of the complexity of a planar robot, the RMP has
a fixed 4-dimensional equivalent RMP. Having this standard
model makes it easier to uniformly compare the dynamics of
different humanoids. This is a task for the future. Also it will
be interesting to consider the RMP equivalent of a fixed-base
manipulator robot.
We are also exploring appropriate torque mappings between
the compass gait robot and the RMP, as well the kinetic energy
equivalence between the two models. Final objective of our
work remains the formulation of control law for humanoid
robots to which the current paper is another step.
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